SIMPLE LIE ALGEBRAS OF SMALL CHARACTERISTIC V. 
THE NON-MELIKIAN CASE 



ALEXANDER PREMET AND HELMUT STRADE 

Abstract. Let L be a finite-dimensional simple Lie algebra over an alge- 
braically closed field F of characteristic p > 3. We prove in this paper that 
if for every torus T of maximal dimension in the p-envelope of ad L in Der L 
the centralizer of T in adL acts triangulably on L, then L is either classical 
or of Cartan type. As a consequence we obtain that any finite-dimensional 
simple Lie algebra over an algebraically closed field of characteristic p > 5 is 
either classical or of Cartan type. This settles the last remaining case of the 
generalized Kostrikin-Shafarcvich conjecture (the case where p = 7). 



1. Introduction and preliminaries 

Let F be an algebraically closed field of characteristic p > 3. In this note 
we go through the relevant parts of the second author's classification of finite- 
dimensional simple Lie algebras of characteristic p > 7 to check whether the 
results there need additions, modifications or supplementary proofs in order to 
apply in the present case where p > 3. It turned out that only few changes are 
necessary. 

In what follows L will always denote a finite-dimensional simple Lie algebra 
over F. We identify L with the subalgebra ad L of the derivation algebra Der L 
and let Lp be the p-envelope of L in the restricted Lie algebra Der L. We denote 
by T a torus of maximal dimension in Lp and set 

H := Cl,{T) = {xeLp \ [t, x] = for all t G T}, H := Cl(T) = H f] L. 

A torus T is called standard if H^^^ consists of nilpotent derivations of L. We 
denote by r(L,T) the set of roots of L relative to T (roots are nonzero linear 
functions 7 G T* such that := {x E L \ [t, x] = 7(t)x for all t G T} is nonzero). 
We have root space decompositions 

L = H © -^75 Lp = H © L^. 

7er(L,T) 7er(L,T) 

By [P-St 04, Corollary 3.7], only four types of roots can occur in simple Lie 
algebras of characteristic p > 3: solvable, classical, Witt, and Hamiltonian roots. 
In other words, for any 7 G r(L, T) the semisimple quotient L[y] = L(7)/radL(7) 
of the 1-section ^(7) := -f^©0jpF is either (0) or s[(2) or the Witt algebra or 
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contains an isomorphic copy of the Hamiltonian algebra if(2; 1)^^^ as an ideal of 
codimension < 1. The main result of [P-St 04] states that if Lp contains a torus 
T' of maximal dimension such that all roots in r(L,T') are solvable or classical, 
then L is either a classical Lie algebra or a filtered Lie algebra of type S or H; 
see [P-St 04, Theorems C and D]. 

In this note we impose the following two assumptions on L: 

• all tori of maximal dimension in Lp are standard; 

• the set of roots of any torus of maximal dimension in Lp contains either 
a Witt root ar a Hamiltonian root. 

Theorem 1.1. If a finite dimensional simple Lie algebra L over F satisfies the 
above assumptions, then L is isomorphic to a Lie algebra of Cartan type. 

Combining Theorem 1.1 with [P-St 04, Theorems C and D] we derive: 

Theorem 1.2. Let L be a finite dimensional simple Lie algebra over an alge- 
braically closed field of characteristic p > 3 such that all tori of maximal dimen- 
sion in Lp are standard. Then L is either classical or of Cartan type. 

Due to [Wil 77, St 89a, P 94] the assumption on tori in Theorem L2 is fulfilled 
automatically when p > 5. In this case Theorem 1.2 can be rephrased as follows: 

Theorem 1.3. Any finite dimensional simple Lie algebra over an algebraically 

closed field of characteristic p > 5 is either classical or of Cartan type. 

Theorem 1.3 settles the last remaining case p = 7 of the Kostrikin-Shafarevich 
conjecture on the structure of finite- dimensional restricted simple Lie algebras 
over algebraically closed fields of characteristic p > 5; see [Ko-S 66]. In the 
early 80s, G.M. Mehkian discovered a restricted simple Lie algebra of charac- 
teristic 5 which was neither classical nor of Cartan type, thereby showing that 
the restriction on p in the Kostrikin-Shafarevich conjecture was necessary. In 
1984, R.E. Block and R.L. Wilson succeeded to prove the Kostrikin-Shafarevich 
conjecture for algebraically closed fields of characteristic p > 7; see [B-W 88]. 

As far as the general classification problem for p > 3 is concerned, Theorem 1.2 
leaves open the case where p = 5 and Lp contains nonstandard tori of maximal 
dimension. This isolated case will be treated in [P-St 06], the last paper of the 
series. 

2. Two-sections of L 

In the next two sections our standing hypothesis is that L is a finite dimensional 
simple Lie algebra such that all tori of maximal dimension in Lp are standard. 
The second assumption of Sect. 1 will come into force in Sect. 4. We retain the 
notation introduced in [P-St 97], [P-St 99], [P-St 01], [P-St 04] with the following 
two exceptions: to match the notation of [St 04] we will denote the divided power 
algebra A{m;n) by 0(m;n) and the Melikian algebra Q{m,n) by A4{m,n). 
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Our first result extends [St 89b, Theorems 3.1, 1.7, 1.8] and [B-O-St, Corollary 
1.9] which hold for p > 7. 

Theorem 2.1. Let T be any torus of maximal dimension in Lp. 

(i) The subalgebra H — CLp{T) acts triangulably on L. 

(ii) For every 7 G r(L,T) the radical radL(7) is T-invariant and the factor 
algebra ^[7] = L(7)/radL(7) is either zero or isomorphic to one of $l{2), 

i/(2;l)(2), i7(2;l)(i). 

Proof. Since all tori of maximal dimension in Lp are assumed to be standard, the 
first statement is nothing but [P-St 04, Theorem 3.12], while the second statement 
is immediate from [P-St 04, Corollary 3.7]. □ 
Given a filtered Cartan type Lie algebra g (not necessarily simple) we de- 
note by 0(0) the standard maximal subalgebra of Q. When q = W{1;1), we have 
dim(0/0(o)) = 1, while when q = H{2;lY''^ with e = 1, 2, we have dim(0/g(o)) = 2. 
Theorem 2.1 shows that every 1-section L(7) with 7 e r(L,T) contains a distin- 
guished subalgebra (5(7) such that Q(7)/rad(5(7) is either zero or isomorphic to 
5 [(2). More precisely, the following holds: 

(a) Q(7) = L(7) if L(7) is solvable or L[y] =5[(2); 

(b) ((5(7) + radL(7))/radL(7) = Iv[7](o) if L[j] is of Cartan type. 

This is analogous to [St 89b, Proposition 1.9] and [B-O-St, Proposition 1.11]. 

Recall that a root 7 e r(L, T) is called proper, if Q{'y) is T-invariant, and 
improper otherwise; see [P-St 04]. This definition differs from that introduced 
by Block-Wilson. However, it agrees with the Block-Wilson definition when 
p > 7 and refiects better the desired properties of 7 when p E {5,7} (the formal 
extension of the Block-Wilson definition to the case where p — 5 would imply 
that all Hamiltonian roots are improper, which is not what we want). 

The following result is very important for the classification: 

Theorem 2.2. Let L{a, (3) be any 2-section of L relative to a torus T of maximal 

dimension in Lp, and I(a,P) the maximal solvable ideal of T + L{a,j3). Let ip 
denote the canonical homomorphism T + L{a,P) — > (T + L{a, (3)/ I{a P)) , and 
put K := i/j{L{a, P)) and T := ip{T). Then one of the following holds: 
(1) L{a,f3) is solvable and K = (0); 

{2) S = T + K where S is one of sl{2), W{1;1), i/(2;l)(2) or else S = 
77(2; 1) and S CT + K C H{2;lY^\ Moreover, there exists a root 
II e FpO; -|- Fp/3 such that K — il){L{ii)); 

(3) Si ® S2 C T + K C (Dcr5i)W ® (Der-Sa)^ where Si is one of sl(2), 
W{1;1), H{2;lf^ for 1 = 1,2; 

(4) K = FD® i/(2; 1)(2) where either D G {0, ^/^(^^"^a;^"^)} or p = 5 and 
D = Xi~^d2, and there is an automorphism a 0/ Der if(2; 1)^^) such that 
o'{T) = Fzidi © Fz2d2 where Zi G {xi, 1 + Xi], i = 1, 2; 

3 



(5) S (g) 0(m;l) C T + K C Der (-5 ® 0(m;l)) w;/iere S is one of sl{2), 

1), i/(2; 1)(2) and m = 1,2. Let 7f 2 be the canonical projection from 
Der (5® 0(m; 1)) ^ ((Dcr 5) 0(m; 1)) >^ Id^ ® VF(m; 1) onto W{m;l). 
Then n2iK) ^ 1) if m = 1 and TiiiK) = i/(2; if m = 2, where 
e=l,2; 

(6) 5®0(1;1) C X C ^00(1; 1), where S is one ofsl{2), //(2;1)(2) 
and e«^/ier S = S or S = i^(2; and 5^ = H{2;lY^\ Moreover, 
T — F{ho ® 1) ® F{ld§ (1 + /or some toral element ho G -S"; 

(7) S G T + K G Sp where S is one of the nonrestricted Cartan type Lie 
algebras W{1; 2), i/(2; 1, $(t))«, H{2;1;A) or else 

H{2;{2,l)f^ CT + K C H{2;{2,l))p; 

(8) K is either a classical Lie algebra of type A2, B2 or G2 or one of the 
restricted Cartan type Lie algebras 1^(2; 1), 5(3; H{A;1)^^\ K{3;1). 

Proof. 1) li L{a,(3) is solvable, then we are in case (1). So assume from now that 
L{a,f3) is nonsolvable. 

Recall from [P-St 04] that radxL(Q;, /3) denotes the maximal T-invariant solv- 
able ideal of L{a,P), and Iv[q;,/9] = L{a, P)/Ta.dTL{a, P). Since radr-^v(a, /3) = 
I {a, P) n L{a, 13), we have that 

L[a, (3\ ^ ip{L{a, 13))= K^T + K. 

As in [P-St 04] we denote by 5* = ©[=1 Si the sum of all minimal T-invariant 
ideals of i^' = L[q;,/5] 7^ (0). Since the Lie algebra T + K is semisimple, it acts 
faithfully on S. We will identify T + K with a Lie subalgebra of Der S. As shown 
in [P-St 04, Sect. 4], we have that r G {1, 2}. Moreover, if r = 2, then we are in 
case (3); see [P-St 04, Theorem 4.1]. 

2) From now on assume that 5* = 5*1 is the unique minimal T-invariant ideal of 
K = L[a,l3]. Recall from [P-St 04] that TR{S) ^ TR{L[a,(3]) < 2. 

Suppose TR{S) = 2. If the Lie algebra S is restrictable, then [P-St 04, 
Theorem 4.2] shows that S = L[a,P]. Therefore, if 5* ia a classical Lie alge- 
bra or a restricted Lie algebra of Cartan type, then we are in case (8). As 
explained in [P-St 04, Sect. 4] there is a natural restricted homomorphism 
^a,/3 : T + L{a, P)p Der S which maps T + L{a, /?) C T + L{a, P)p onto T + K. 

Suppose 5" = M{l,l). Then S = Der 5". Choose a two-dimensional non- 
standard torus T in S. There exists a torus T' in the restricted Lie algebra 
T + L{a, (3)p such that ker a fl ker /3 C T' and ^„,/3(T') = t' . By construction, T' 
is then a nonstandard torus of maximal dimension in Lp. Since no such tori can 

exist by our general assumption, we derive that S A4{1,1). 
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If is a nonrestricted Cartan type Lie algebra, then [P-St 01, Theorem 1.1] 
yields that S is one of 1^(1,2), //(2; 1; $(r))«, //(2;1; A), //(2; (2, l))^^). Ap- 
plying [P-St 04, Theorem 4.2] shows that we are in case (7). 

3) It remains to consider the situation where r — 1 and TR{S) = 1, which is 
ruled by [P-St 04, Theorem 4.4]. Due of Theorem 2.1, case (1) of that theorem 
is our case (2). Assuming case (2) of Theorem 4.4 in [P-St 04], part (b) of the 
proof in loc. cit. shows that there exists an automorphism a of the Lie algebra 
Der i/(2; 1)(2) such that a{K) = iy(2; 1)(2) e FD and a{T) = Fzidi © ^^2^2, 
where D is as in case (4) of the present theorem and Zi G {.Xj, 1 i = 1,2. 

Now assume we are in case (3) of [P-St 04, Theorem 4.4]. Then S = S(E)0{1;1) 
where S is one of sl(2), iy(l; 1), H{2;lY^\ and ^a,/3(T) is spanned by /iq® 1 and 
Id® (1 for some nonzero toral element ho e S. Moreover, K C (Der S) 

0(1; 1). To show that this is our case (6) we can assume that S = if(2;l)(^^ (in 
the other two cases Der S* = ad S* and there is nothing to prove). 

liK /f(2; 1)(2)®0(1; 1), then there is a root /i G T(L,T)n{¥pa + ¥p(3) such 
that K{n) ^ i/(2; 1)(2) (g) 0(1; 1). Restricting the composite 

ip : L{a, p)^K^ (Der S) ® 0(1; 1) Der S 

to the 1-section L(/x) and using the above description of ^q,^^(T) it is easy to 
observe that Kiyii) = ip{L{ij,)) is sandwiched between S and Der S. Consequently, 
// is a Hamiltonian root and K{iJ,) = L[ij]. Theorem 2.1 now yields K{iJ,) = 
i/(2; 1)W where e G {1, 2}. If e = 2, then K{fj,) = X(//)(°°) C S contrary to our 
choice of fi. Hence e = 1. Since K{^i) ^ i/(2;l)(2) 0(1; 1), it must be that 
^(L(/i)) = i/(2; l)(i) by Theorem 2.1. This proves that K C ii'(2; 1)(^) (g) 0(1; 1), 
as claimed. 

In case (4) of [P-St 04, Theorem 4.4] there exist 11, u e T{L,T) such that 
L[ii, u] = A1(l, 1). But then, as before, Lp contains a nonstandard torus of max- 
imal dimension, violating our general assumption. Case (5) of [P-St 04, Theorem 
4.4] is included into case (5) of the present theorem. 

Finally, consider case (6) of [P-St 04, Theorem 4.4]. Let ho be a nonzero toral 
element of 5 = i/(2; l)^^) and choose a torus T' in T + L{a,/3)p with dimT' = 
dimT and ho <^ 1 e *a,/3(7")> Note that kera n ker/5 C T' and T' is standard 
by our general assumption. Choose /i G T{K, ^q^^(T')) with fi{ho ® 1) — and 
regard it as a linear function on T' vanishing on ker a fl ker f3. Then 

cs{ho)^0{2;l) cK{fi) C (cDcr5(M ® 0(2; i)) >^ld^n2{K). 

Let g be the canonical projection (cDcr5(^o) ® 0(2;!)) x Id (8 tt2{K) 'K2{K). 
Note that g is T'-equivariant and maps the 1-section K{^) onto t:2{K). By 
[P-St 04, Theorem 4.4(6)], 7r2(i^) is sandwiched between if (2; l)^^) and i/(2; 1). 
This implies that q{K{ii)) is semisimple. As g{K{ij)) is a homomorphic image 
of the 1-section -C/(/i), it must be that g{K{fj,)) = L[ij]. Theorem 2.1 now yields 
n2{K) = g{K{ix)) ^ -ff(2; 1)(^) where e G {1, 2}, completing the proof. □ 
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We have now established (for p > 3) a refined version of [St 92, Theorem 
II. 2] which is the corrected version of [St 89b, Theorem 6.3] (or, cquivalently, of 
[B-O-St, Theorem 1.15]). In what follows we will need a description of T in the 

respective cases. 

Proposition 2.3. With the assumptions and notations of Theorem 2.2, T has 
the following properties in the respective cases: 

(1) T=(0); 

(2) Tc-S ano?dimr = l; 

(3) T ^Fhi® Fh2 where hi e Si, i = 1, 2; 

(4) T is conjugate to Fzidi ® Fz2d2 where Zi e {xi, 1 + Xi}, i — 1, 2; 

(5) T = F(/i(8)l)®F(d(8)l + Id(8)i) where h e S andt e 'K2{K) are nonzero 
toral elements, d e Der S is toral, and [d, h\ = 0; 

(6) T = F{h 1) © Fid (1 + xi)di where heS\ (0); and /i^ = h; 

(7) T d Sp and, moreover, TnS ^ (0) when S ^ 1/(2; 1; $(t))(^) and 
dim T n S = 1 otherwise; 

(8) T C K. 

Proof, (a) li K = (0), then T + L{a,(3) is solvable, hence coincides with I{a,P). 
Therefore, T = (0). 

(b) From now on suppose K (0). Then (0) y^T + K = {T + L{a, /?))//(«, /3) 
is semisimple, hence acts faithfully on its socle S. Note that 

{T + Kf^ CK C DctS. 

We regard T + K as a Lie subalgebra of Der S. The restricted homomorphism 
^a,/?: T + L{a,l3)p Der S introduced in [P-St 04, Sect. 4] then maps T onto 
T. It also maps L[a,(3)p C Lp onto the p-envelope of K in Der 5". The latter 
p-envelope will be denoted by Kp. It contains the p-envelope Sp of S in Der 5". 

Since -S" <Z T -\- Sp <Z Der S, the restricted Lie algebra T + Sp, is centerless. 
In conjunction with [St 04, Theorem 1.2.6(3)] this shows that if T is a torus of 
maximal dimension in T + Kp, then TflS'p is a torus of maximal dimension in Sp. 
In view of [St 04, Theorem 1.2.8(3) and Theorem 1.3.11(3)] we also have that 

1 < TR{T + Kp) < TR{T + L(a, p)p) < TR{Lp{a, (3)) < 2. 

(c) Let T + ii' be as in case (2) of Theorem 2.2. Then T + K = S where 
S = S = Sp is one of5[(2), 1^(1; 1), i/(2;l)W or else T+K is sandwiched between 
S = H{2;iy^^ and H{2;iy^\ In any event, T + i^T is semisimple, restricted, and 
has absolute toral rank 1. It follows that dimT = 1 and T is a torus of maximal 
dimension in T + K — T + Kp. But then 5" fl T is a torus of maximal dimension 
in S — Sp, by our concluding remark in part (b). Hence T <Z S, hy dimension 
reasons. 
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(d) In case (4) of Theorem 2.2 we have dimT = 2. In cases (3) and (5)-(8), 
we have that either TR{S) — 2 or the Lie algebra S is not simple. From this it 
follows that in the remaining cases of Theorem 2.2 the torus T = '^a,f3{T) acts 

on S* as a two-dimensional torus of derivations. Indeed, otherwise there would 
exist a root 7 G T{L, T) such that T + K = T + K{'~f) and this would imply that 
S = K('yY'^^ is simple; see Theorem 2.1. By our concluding remark in part (b), 
T n yS" is a torus of maximal dimension in Sp. 

(e) Suppose we are in case (3) of Theorem 2.2. Then S = Si®S2, TR{S) = 2, and 
S — Sp. Since dim(T fl Sp) — TR{S) due to our concluding remark in part (b), 
it must be that T <Z Si® S2. 

(f) If T + is as in case (4), then T already has the required form in view of 
Theorem 2.2. 

(g) Suppose we are in case (5) of Theorem 2.2. Because S ® 0(m; l)(i) is a 
[p]-nilpotent ideal oi S = S ® 0(m; 1), it follows that 

Sp ^ S^ 0(m; 1) + Sp®F ^ S 

and TR(S) — TR(S) = 1. The discussion in part (b) now yields TdSp = Fh for 
some nonzero toral element h E S. According to [P-St 99, Theorem 2.6], there 
is an automorphism (/? of Der S such that v^(T) C (Der S) ® F x Id ® W{m]l). 
Since (p preserves the socle of Der S, it must be that 

ifih) e{S® 0(m; 1)) n ((Der S) F) = S F. 

In other words, ip{h) — h <^ 1 for some nonzero toral element h G S. 

Now let t be any (nonzero) toral element such that T = Fh © Ft. Write 
ip(i) = (i(8)l + Id®t with d G Der S and t G W{'m;l). It is straightforward to 
see that d and t are both toral, and [d,h] = 0. 

It remains to show that i is a nonzero element of 7r2{K). U t — 0, then T 
lies in (Der S") ® 0(m;l), that is vr2(T) = (0). Since T is a torus of maximal 
dimension in T + Kp, wc apply [St 04, Theorem 1.2.8(4)] to get TR{7i2{K)) = 0. 
But Theorem 2.2 says that in the present case 7:2{K) is a semisimple restricted 
Lie algebra of absolute toral rank one. Hence Ft is a torus of maximal dimension 
in 7i2{T + Kp) = Ft + 'K2{K). As (i^) is a restricted ideal of 7r2(T + Kp), we 
conclude that t G 7r2(i^); see [St 04, Theorem 1.2.6(3)]. 

(h) If T + is as in case (6), then T already has the required form in view of 
Theorem 2.2. 

(i) Suppose T + is: is as in case (7). If jS is one of M/(l;2), i/(2; 1; <I)(r))«, 
//(2;1,A), then Theorem 2.2 says that T C Sp. Suppose S = W{l]T). As 
W^(l;2) has codimension 1 in W(l;2)p, it must be that Tn W^(l;2) ^ (0). Since 
all weight spaces of the T-modulc 14^(1; 2) are one-dimensional, by [St 92, Theo- 
rem V.2(2)], we have that dim(T n 5) = 1 in this case, li S = 1^(2; 1; *(t))(^\ 
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then [St 92, Theorem VII.3(3)] yields TnS = (0). Suppose S = H{2;1; A). Then 

H(2;l;A)p = F{xidi + X2d2) © H(2;1;A). Hence S has codimension 1 in Sp, 
implying TCiS ^ (0). Suppose T G S. As explained in [P-St 01, Lemma 4.14(1)], 
for example, T has at least — 2 weights on S. Since dim S = p^, wc then have 

5 = T© s^, |r(5,T)| =/-2, dimS-^^i (V7er(5,T)). 

7er(5,T) 

But then the subset T U (U76r(5T) '^t'' ) spans a diagonahzable Lie subalgebra 
of Sp containing T. Since T is a torus of maximal dimension in Sp, we get 
[j^^riST) '^t'' ^ However, this would imply that 5* is a restrictable Lie algebra, 
which is false. We conclude that dim(T fl S*) = 1 in the present case. 

Now consider the case where S = H{2; (2,1))*^^). It is well-known (and eas- 
ily seen) that Sp ^ Fd^ ® S and H{2] (2, 1))^ = Fd{ ® H{2- (2, 1)). But then 
it is clear that the restricted Lie algebra H{2;{2,l))p/ Sp is [p]-nilpotent. As 
T C H(2] (2, l))p by Theorem 2.2, we now derive that T C Sp. Since S has 
codimension 1 in Sp, we have T r\ S ^ (0), while part (f) of [B-W 88, (10.1.1)] 
yields T S. Therefore, dim(T (1 S) = 1. 

(j) Finally, suppose T + is as in case (8) of Theorem 2.2. Then K = S = Sp 
is a restricted simple Lie algebra of absolute toral rank 2. Hence dim(T (iS) = 2 
by our discussion at the end of part (b). In other words, T C K. □ 

3. Optimal tori 

Given a torus T of maximal dimension in Lp we denote by rp(L, T) the subset 

of all proper roots in r(L,T). Note that if 7 G r(L,T) is proper, then r(L, T) n 
F*7 C rp{L,T). We say that T is an optimal torus if the number 

r{T) :=|r(L,r)\r,(L,r)| 

is minimal possible; see [P-St 01, p. 242]. 

From now on we fix an Fp-linear map ^: F ^ F such that — ^ = Id^;' (such 
a map is unique up to an Fp- valued additive function on F). The process of toral 
switching (based on the ideas of [Win 69], [Wil 83], [P 86]) has been described in 
detail in [P-St 99, Sect. 2]. Given x e L^, where a e r(L, T), we denote by 
the linear span of all tx '■— t — a{t){x+x^ + ■ ■ ■+x^"' ) with t eT (here m = m{x) 
is the smallest nonnegative integer with the property that G T). By [P 86], 
Tx is a torus of maximal dimension in Lp and T{L,Tx) = {jx \ 7 G r(L,T)}, 
where 

= lit) - (e o ^){xn<^{t) (Vi e T). 

We say that Tx is obtained from T by the elementary switching corresponding 
to X. By [P 86], there exists an invertible linear operator Ex = Ex^£^ G GL(Lp) 
such that tL{Tx) = ^^(cl(T)) and L^^ = -E^(-L^) for all 7 G T{L,T). Moreover, 

8 



Ej. is a lopynomial in ad x. The operator is often referred to as a generalized 
Winter exponential. 

It is immediate from the exphcit form of generahzed Winter exponentials that 
L{a^) = L{a) and L{a^,(3^) = L{a,(3) for all roots /? G r(L,T); see [P-St 99, 
pp. 218-222] for more detail. Recall that the torus is standard by our general 
assumption. Solvable and classical roots are proper by definition. If a is Witt 
or Hamiltonian, then one can always find an element x e IJi^o such that the 
root G r{L,Tx) is proper. 

Our main goal in this section is to show that if T is an optimal torus, then all 
roots in r(L, T) are proper, and describe the action of optimal tori on 2-sections. 

Lemma 3.1. Let K = L[a, P] and T be as in Theorem 2.2, and suppose that we 
are not in case (5) of that theorem. Let u G L^, and assume that a ^ Vp{L,T) 
andau G rp(L,T„). Then \rp{L{a, P),T^)\ > \rp{L{a, P),T)\. 

Proof. We denote by u the image oi u in K. 

(1) Since L{'y) r\I{a, (3) C (^(t) for 7 ^ r(L, T), it suffices to show that under 
the above assumptions we have |rp(i^, T„)| > \Vp{K,T)\. UK— (0), then the 
root a is solvable, hence proper. So this case is impossible. 

(2) Let K be as in case (2) of Theorem 2.2. Then K = il)[L{n)) for some 
II G FpCt + ¥pP. Since all roots in (FpO; + Fp/3) \ Fp/x are solvable, hence proper, 
it must be that K = V'l^l")) = ^(^("«)), implying |r(X,T„)| = \Tp{K,Ty,)\. 
Since a is improper, the result follows. 

(3) Let K be as in case (3) of Theorem 2.2. Then T = {T f] Si) ® {T n S2) by 
Proposition 2.3. Hence there exist fi, fi' G r(L,T) such that K = K{n) + K{fi') 
and [Kii^, i^j^.] = for all i,j G F*. All roots in (FpO; + ¥p(3) \ (F^/x U Fp/j,') are 
solvable. Hence a G ¥pH U Fp/x'. No generality will be lost by assuming that 
a — ji'. Since Kj^^ = Eu{Kiij) for all i G F*, the preceding remark yields 

K{fiu) = Ea{K{^)) = Ck(^)(T„) ©0.g^,ir,^ 

(as Eu is a polynomial in ad-u, we have that Eu{y) = y for all y G Uj^^o ^itj)- 
follows that /i is proper if and only if /i„ is. Since a = /x' is improper and 11'^ is 
proper, the result follows. 

(4) Let K be as in case (4) of Theorem 2.2. Then K = FDe//(2; l)^^) and there 
is an automorphism a of the Lie algebra Der i7(2; 1)(^) such that (t{T) is one of 

To = Fxidi®Fx2d2, 

Ti = F{l + xi)di®Fx2d2, 

T2 = F{l + xi)di®F{l + X2)d2. 

Replacing K by its isomorphic copy ^{K) C if(2; 1) we may assume that a — Id. 

Theorem III. 4 in [St 92] describes the 1-sections of Der H{2; 1)^^) relative to o-(T), 

hence the 1-sections of K relative to T (the deliberations in [St 92, Sect. HI] only 

9 



require that p > 2). It is immediate from the description in [St 92, Sect. Ill] that 
all improper roots in r{K, T) are Witt (no root in T{K, T) is Hamiltonian by 
dimension reasons). 

If (t(T) = To, then [St 92, Theorem III. 5] shows that all roots in T{K, T) are 
proper. As a ^ Tp[L,T), this case is impossible. 

Suppose T — Ti. Let be any T-root of K such that iJ,{x2d2) ^ {0, 1}. Then 
in the notation of [St 92, Proposition III. 3] we have b ^ {0, 1}. Hence 6 > 2, in 
which case that proposition yields iJ(2;l)^ C if(2;l)(o). Thus if /i(x2i92) 7^ 0, 
then there is a unique Iq G F* with if(2;l)jg^ ^ i?(2;l)(o). Moreover, loc. cit. 
shows that iJ(2; fi if(2; l)(o) has codimension 1 in H{2;l)i^^. /^From this it 
is easy to deduce that T normalizes a solvable subalgebra of codimension < 1 in 
K{ii). As a consequence, /i is a proper root in V{K,T). 

Applying these deliberations to our improper root a we obtain a{x2d2) = 
0. Then H{2;l){a) is spanned by {k{l + Xi)''-^X2d2 - (1 + Xi)''di \ k e Wp}. 
Therefore, K{a) is isomorphic to the Witt algebra W{1;1). Since is a proper 
root in r(L, T^), the torus T„ = must normalize if(2; l)(o). But then T„ is 
conjugate to Tq under the automorphism group of Der i?(2; 1)^^^. Our remarks 
earlier in the proof now show that all roots in r{K,Tu) are proper. 



Suppose T = T2. Let /i be any root in T{K, T) and assume by symmetry that 
H{{l + xi)di) ^ 0. Set 



Clearly, a, 6 e Fp. If 6 = 0, then it is easy to see that if(2; l)(/i) is solvable. If 
6 7^ 0, then the 1-section if(2; is spanned by aU k{l + xiY~\l + X2Y"'^^d2 — 
{ka + b)(l + xi)''{l + X2)'"'^''~^di with k e F^. It follows from this description 
that i7(2;l)(/x) = and T does not normalize the unique subalgebra of 

codimension 1 in H(2;l)(fi). Since iJ(2;D(/i) C H(2;lY'^\ this implies that in 
the present case any root in r{K,T) is either solvable or improper. Moreover, 
the inequality \Tp{K, T)\ < p — 1 holds. 

Since is a proper Witt root in r{K,Tu), the above discussion shows that 
the torus T„ is not conjugate to T2. Hence is conjugate to either Tq or Ti. But 
then \rp{K, Tu)\ > p — 1 by our remarks earlier in the proof. The result follows. 

(5) Case (5) of Theorem 2.2 cannot occur by our general assumption. 

(6) Let K be as in case (6) of Theorem 2.2. Since 5" is a restricted ideal of Der S, 
we have that tu — teSior all t E T. Since L{a, (3) is a 2-section for T„, the pair 
{K,Tu) appears in Proposition 2.3(6). Hence we may assume that 



a 



/i((l + X2)g2) 

/x((i + xi)ai)' 



b := 



fx{{l + Xi)di)- fl{{l+X2)d2) 
pi{{l + Xi)di) 



r„ = F{h 1) © Fid (g) (1 + xi)di. 
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For k e¥p put Sk'.^ {x eS \ [h,x] = kx} and Sk := Sk fl S. Given n er{K, T^) 
set a — a(//) := ^{h (8) 1) and 6 = := //(id ® (1 + xi)di). Then = 

If a = a(/i) = 0, then K{fj,) C cg(/i) ® 0(1; 1). As Fh is a maximal torus of 5" 
and S/S is solvable, K{fi) is solvable too. Then /i is proper. If a = a(/x) 7^ 0, then 
K{fi) = 0fjQ n (^ia ® (1 + xi)*). The evaluation map ev: S ^0{1;1) ^ S 
taking a; ® / e 5* ® 0(1; 1) to /(O) ■ x G S* is a Lie algebra homomorphism. It is 
injective on K{fj,) and the image ev{K{f^j) is sandwiched between S and S. Prom 
this it is immediate that when a — a{ij) ^ 0, the root is proper in V{K, Ty) if 
and only if either S = s^(2) or S is one of W^(l; 1), /i'(2; 1)(2) and h normalizes 
the standard maximal subalgebra of S. 

Since a is improper and u G L^, the 1-section K{a) = K{au) is neither solvable 
nor classical. Hence a{au) 7^ and 5" 7^ sl{2). The above discussion now shows 
that h normalizes the standard maximal subalgebra of S. This, in turn, yields 
that all roots in T{K,Tu) are proper. Consequently, |r(i^', T„)| > \T{K,T)\. 

(7) Let K be as in case (7) of Theorem 2.2. If S = W^(l; 2), then [St 92, Sect. V] 
shows that all roots in T{K,Tu) are proper (it is proved in loc. cit. that for any 
two-dimensional torus t in Sp either T{Sp, t) = Tp[Sp, t) or Tp{Sp, t) = 0). Thus 
the result holds in this case. 

If S* = i7(2; 1; $(r))''^'*, then for any two-dimensional torus t in Sp all roots 
in r(S'p,t) are solvable, hence proper; see [St 92, Theorem VII. 3]. Since a is 
improper, this case cannot occur. If 5 = if(2;l; A), then Fxidi + Fx2d2 is a 
toral Cartan subalgebra of Sp. Applying [P-St 99, Corollary 2.10] shows that T 
is a toral Cartan subalgebra of Sp as well. Now [Wil 83, Proposition 4.9] gives 
the result. If 5 = H{2; (2, l))^^), then [B-W 88, Lemma 10.1.1] applies and gives 
the result. 

(8) Finally, suppose K is as in case (8) of Theorem 2.2. If K is classical, then 
all roots in r{K,T) are classical, hence proper. Thus this case cannot occur. 
UK — 1^(2; 1), then Fxidi -\- Fx2d2 is a toral Cartan subalgebra of K. But 

then T is a toral Cartan subalgebra of K too; see [P-St 99, Corollary 2.10]. 
As before, [Wil 83, Proposition 4.9] gives the result. If K is one of S'(3; 1)'-^-*, 
H{4:;lY^\ K(3; l)(i), then the deliberations of [B-W 88, (5.8)] apply and yield 
the result. □ 

Lemma 3.2. Let K = L[a, p] and T = F{h O 1) © F{d O 1 -Md O t) be as m 
case (5) of Theorem 2.2 and Proposition 2.3. If S is of Cartan type, let S^q) 
denote the standard maximal subalgebra of S. If S — sl{2), put 5'(o) = -S". Let 
u e La and ji G r(i^, T). Then the following hold: 

(1) If n{h (8) 1) = 0, then /i is proper if and only ift& VF(m; l)(o). 

(2) Suppose fj,{h 1) 7^ 0. If t ^ W{m;l)(i^), then /J, is proper if and only 

if h & S'(o). If t & W^(^;i)(o); then /i is proper if and only if the torus 
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T normalizes the maximal compositionally classical subalgebra of S{ii) = 
^(/x)/(5®0(m;l)(i))(/x). 

(3) If h & 5'(o) and t e W{m;l)(Q), then all roots in r{K, T) are proper. 

(4) Assume that a ^ Vp{L,T) and e Vp{L,T^). Then \Vp{L{a, (5),T^)\ > 
\T,{L{a,(5),T)\. 

Proof. In proving this lemma, it will be convenient to work with a slightly more 
general two-dimensional torus 

% := F{h (8) 1) e F{D + Id ® i), 

where D e (Der 5") ® 0(m;l), h and t are toral elements of S and W{m;V), 
respectively, and [D, h®l\ — Q. Recall that S — S ® 0(m; 1) and m e {1, 2}. 

(1) Let /i e V{K,'X) be such that ® 1) = 0. Then C Cs{h) ® 0(m; 1). 
Since Fh is a maximal torus of S, the subalgebra C5'(/i) is nilpotent. Consequently, 
S[ii) is a nilpotent ideal of K{fi). But then the preimage of S{^) under the 
canonical homomorphism L{a,(3) K lies in the radical of Since the 
subalgebra t:2{K)^'^^ of W{m]V) is isomorphic to one of W^(l;l), //(2;1)(2), it 
follows that jj, G r(L,T) is proper if and only if Ft normalizes the standard 
maximal subalgebra of t{2{K)'^^\ 

If m = 1, then 'K2{K) = In this case is proper if and only if 

t e W(m; l)(o). Suppose m = 2. Then the subalgebra 7r2{K)^^^ fl 14^(2; l)(o) has 
codimension < 2 in 7r2{KY^^ and is either solvable or isomorphic to sl(2) modulo 
its radical (because si{2) is the semisimple quotient of H^(2; l)(o)). This shows 
that n2{K)^-^^ fl 14^(2; D(o) is the standard maximal subalgebra of Tr2{K)^^^ = 
H{2]1)^'^\ Then again /i G T{L,T) is proper if and only if t G W{m;l)(^oy 

(2) Now let /i G r(Jr, 31) be such that ^(/i ® 1) ^ 0. Then i^^^ C for all i G F;, 

whence K{fi) = Ck{^) + Sifi). As Cxi^) is nilpotent, K{iJ,Y°°^ = S{iJ,y°°\ 
Combining this with Theorem 2.1(ii) we now derive that 

L[7](~) ^ i^(7)(°°V(^(7)^°°^ n radi^(7)) ^ 

This shows that /i G rp(_ft', Dl) if and only if G rp(S', 31). Recall that the 
evaluation map ev: S = S ^ 0(m; 1) S, x ® f f{0) ■ x, is a Lie algebra 
homomorphism whose kernel S ® 0{m;X.){i) is a nilpotent ideal of S. 
(a) Suppose t ^ W^(^;l)(o)- Then [P-St 99, Theorem 2.6] shows that there exists 
a e AutS such that a{Jl) = F{h' ® I) ® Fid (g) (1 + Xi)di for some nonzero 
toral h' G S. Since 3i fl = 1), we can assume (after rescaling h' if 
necessary) that (t(/i) = /i'. Set ii' := ii o cr"^, an element in r(S', cr(CR)). Since 
S{n') = (7(,S(/i)), we have that // G rp(,5, 0?) if and only if G rp(,S, (7(0^)). 

Put a := /x'(^' 1) and b := ^'(Id O (1 + Xi)di). Note that a G F* by our 
present assumption on /x. Let m G 5' be such that [/i',^] = ru. Then r G Fp 
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(for h' is toral) and u® {1 -\- x-iY^/"- e 5^(r/a)/i'- Prom this it is immediate that 
the evaluation map takes S{^') onto S. Since S{^') nkerev C rad5'(//'), the 
maximal compositionally classical subalgebra of S{ij!) is mapped onto that of S. 
It follows that /i' G Vp{S,a{'X)) if and only if h' G S{q). Since the subalgebra 
S(Q) is invariant under all automorphisms of we obtain that in the present case 
11 G rp(L, T) if and only if /i G S'(o). 

(b) Now suppose t G W{m]V){Qy Then preserves the ideal ker ev. As a 
consequence, the evaluation map induces a natural Lie algebra homomorphism 
"51 + S ^ T>er S. Since n ker$ C rad5'(//), it is straightforward that 
G Tp{S, 3^) if and only if $(IR.) normalizes the maximal compositionally classical 
subalgebra of C S. Since ^ ® 0(m; part (2) 

follows. 

(3) Next assume that h G S'(o) and t G W^(^;i)(o)) and suppose that ji is an 
improper root in T{K^ 51). Part (1) shows that jiih, C?) 1) 7^ 0, while part (2b) says 
that $(Dl) does not normalize the maximal compositionally classical subalgebra 
olS{ii) = 5'(/i)/(5'(g)0(m; l)(i))(/i). In particular, Sjf, ^ 5® 0(m; l)(i) for some 
j G F;. Note that h G $(0^). If $(0l) = Fh, we have that = S{ii). But then 
/i G S'(o) normalizes the maximal compositionally classical subalgebra of S{ii), 
contrary to our choice of fi. 

Therefore, dim$(3^) = 2. This implies that S = if(2; l)^^). Since $(0^) nS = 
Fh C 5(0), it follows from [St 92, Proposition 111.1(5)] that ^{JV) is conjugate 
under AutS" to the torus Fxidi © Fx2d2- But then all roots in r(S, $(3^)) are 
proper by [St 92, Theorem III. 5], contrary to part (2b) and our choice of /x. This 
contradiction proves that all roots in T{K, 51) are proper. 

(4) We now apply the above results to T. Assume that a ^ rp{L{a, (3),T) and 
c^u G rp(L(a, P),Tu), where u G La- Let u denote the image of u in K = L[a, (3]. 
Regard ct as a T-root of K. Our assumption on a and u implies that u and 
¥;a C r{K,T). 

(a) Suppose a vanishes on TnS. As a is improper, part (1) yields t ^ W{m;l)(^oy 
According to [P-St 99, Theorem 2.6], we can assume without loss of generality 
that T = F{h' ® 1) © Fid © {1+Xi)di. If h' ^ 5(o), then parts (1) and (2) yield 
Tp{K,T) = 0. Then |r^(i^,T„)| > p- 1 > |rp(i^,T)|, forcing \rp{L{a, P),T^)\ > 
\Tp{L{a,P),T)\. 

So from now we assume that h' G S'(o) . Since a vanishes on T fl 5", we have 
a{h' © 1) = 0. Note that the torus T„ is spanned by the elements {h' © !)„ 
and (id © (1 + xi)9i)_. As a{h' © 1) = 0, our discussion at the beginning 
of this section shows that {h' © !)„ = /i' © 1 and «„(/?/ © 1) = 0. Besides, 
(ld©(l + a;i)5i)_ = D + ld<S)t' for some D G (Der S") ©0(m; 1) and t' G l^(m; 1). 

Since is proper and vanishes on n S = F{h' © 1), part (1) shows that 
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t' e l^(m; l)(o). But then part (3) imphes that all roots in r(ir, T^) are proper, 
yielding \Vp{L{a, (5),Tu)\ > \Vp{L{a, (3),T)\. 

(b) Suppose a{h (g) 1) ^ 0. Then u e [h ® C S^. If t ^ W^(m; l)(o), 

then, as before, it can be assumed that T = F{h' Fid ® (1 + xi)di and 

a{h'®l) 7^ 0; see [P-St 99, Theorem 2.6]. Since a is improper, part (2) shows that 
h ^ S'(o). But then all roots in r(i^, T) are improper, by (1) and (2), implying 
|r,(L(a,/3),r,)| > \Tp{L{a,(5),T)\. 

So assume t e VF(m; l)(o). Then all roots in V{K,T) vanishing onh! ®1 are 
proper by (1). Let T + 5" — > Der S be the Lie algebra homomorphism from 
part (2b), so that ^(S) = (5®0(m; l))/(^(8)0(m; l)(i)) ^ S, = h', and 

(g) 1 + Id (g) t) = (i. As ker $ is solvable, a root u G r(fC, T) with u{h' (g) 1) 7^ 
is proper if and only if $(T) normalizes the maximal compositionally classical 
subalgebra of the 1-section S{h') = S{u)/ (S'(g)0(m; l)(i)) {i')- Since a is improper, 
the above discussion shows that S{q.) S ® 0(m; l)(i). 

Since u e Sa and S is restrictable, we have that {h' <^l)u e S and (id ®t). — 
D' + Id®t for some D' e (Der 5) ® 0(m;l). Set h" := $((/i' ® 1)^), the 
image of {h' (g) 1)^4 in (5" (g) 0(m; 1))/(<S' (g) 0(m; l)(i)). It is immediate from the 

proof of [P-St 99, Lemma 2.5] that T„ is conjugate under AutS" to the torus 
F{h" ® 1) © FJJD" + Id ® t) for some D" e (Der S) ® 0(m; 1). 

Suppose $(T) = F/i'. Then S = S{a) = S{au). Since au is a proper root, it 
must be that h" e S^o) ■ Combining the preceding remark with (3) we now obtain 
that all roots in r(K,T„) are proper. Then \rp{L{a, f3),T^)\ > \rp{L{a, f3),T)\. 

Now suppose dim$(T) = 2. Then S = i/(2; l)^^) and $(T) is conjugate under 
Aut S to one of the tori Tj, i = 0,1, 2, from part (4) of the proof of Lemma 3.1. 
By our earlier remarks, a is an improper root in T[S, $(T)). Therefore, $(T) is 
not conjugate to Tq and a e r(5', $(T)) is Witt; see [St 92, Sect. Ill] for more 
detail. 

If $(T) is conjugate to Ti, then part (4) of the proof of Lemma 3.1 shows that 
T„ normalizes 15(0). Since the latter is invariant under all automorphisms of S, it 
follows that h" G 5(0). But then aU roots in T{K,Tu) are proper by (3). If $(T) 
is conjugate to T2, then part (4) of the proof of Lemma 3.1 implies that there 
is a K G r{K,T) such that rp{K,T) C ¥*k,. Since q;„ is a proper Witt root in 
r(S, $(T„)). part (4) of the proof of Lemma 3.1 also shows that |rp(5', $(T.u))| > 
p-1. But then \rp{K,T)\ <p-l< \Tp{S, $(T„))| < \rp{K,Tu)\, proving that 
\Tp{L{a, l3),Tu)\ > \Tp{L{a, 13),T)\ in all cases. □ 

Theorem 3.3. If T is an optimal torus in Lp, then all roots in r(L, T) are 
proper. 

Proof. The proof of [B-W 88, Proposition 10.4.1] applies without changes, since 
for that proof one only needs the conclusions of Lemmas 3.1 and 3.2. □ 
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Corollary 3.4. Let T be an optimal torus in Lp. With the notations of Theorem 
2.2 we have the following description ofT in the respective cases of that theorem: 

(1) r = (o). 

(2) T C S is conjugate under an automorphism of S to Fxidi if S — 1) 

and to F{xidi - Xa^s) if S = H{2;lY^\ 

(3) T = Fhi © Fh2 where hi G Si. Moreover, for i = 1,2, the torus Fhi is 
conjugate under Aut Si to Fxidi if Si = 1^(1; 1) and to F{xidi — xa^a) 
i£S,^H{2;lY'l 

(4) T is conjugate under an automorphism of S to the torus Fxidi ® Fx2d2. 

(5) Let {eo, ho, fo} be a standard basis of sl{2). For s — 1,2, let yi, ■ ■ ■ ,ys be 

the generating set of 0{s]l) contained in 0(s; and let Di, ... , E 
W{s; 1) be such that Diiijj) = Sij for all 1 < i, j < s. Then T is conjugate 
under Aut S to one of the following tori: 

span{/?.o 1, Id (g) xidi} if m = 1 and S = sl{2), 

span{yiDi (g) 1, Id (g) xidi} if m — 1 and S — 1), 

spein{{yiDi - ya-Da) <S> 1, r{yiDi + yaA) 1 + Id (g) Xidi} with r e ¥p, 

ifm^l and S ^ H{2;1)^'^\ 

span{/io <g) 1, Id (g) {xidi — Xa^a)} if m — 2 and S — sl{2), 
span{yi£)i (g 1, Id(g {xidi — xa^a)} if m — 2 and S — 14^(1; 1), 
span{(t/iDi - 1/2^2) O 1, r{yiDi + i/a^a) g) 1 + Id (g {xidi - X2d2)}, 

r e¥p, zfm = 2 and S = H{2;lY'^l 

(6) T = g) 1) © Fid g) (1 + xi)di where heS\{0) and h^^^ = h. If S is 
of Cartan type, then h e S{q) . 

(7) T dSp anddim.TnS^q where q^Q if S ^ H {2; 1; ^t)Y^'> and q ^ 1 
otherwise; 

(8) T C 5(0), where ^(o) = S if S is classical and S(q) is the standard maximal 
subalgebra of S if S is of Cartan type. 

Proof. (1) is clear. 

(2) According to Proposition 2.3, one has T C S and dimT = 1. Therefore, 
S = L^jY"^^ for some 7 G T(L, T). Suppose S is of Cartan type. By Theorem 3.3, 
7 is a proper T-root. It follows that T C 5(0). The statement now follows from 
Demushkin's theorem; see [St 04, (7.5)]. Part (3) is analogous to (2). Part (4) 
follows from [St 92, Theorem 111.5(1)]. 

(5) By Proposition 2.3, T is conjugate under Aut 5 to F(/i(gl)©F(d(gl + Id(gi), 
where h E S, t E tt2{K) C W{m;l) are nonzero toral elements, d is a toral 
element of Der 5, and [h,d] — 0. Since all roots in r{K,T) are proper, by 
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Theorem 3.3, Lemma 3.2 implies that t e VF(m; l)(o) and h e 5'(o). Put ^ :— 
Fh + Fd, a torus in Der S. 

If dim^R = 1, then d is a scalar multiple of h; so we can assume that d = 0. In 
this case there exist G Aut 0(m; 1) satisfying o i7(2; l)^^) o = i7(2; l)^^) 
if m = 2 and cr G Aut such that a{h) and (poto are nonzero multiples of 
/lo and xidi, UiDi and xic^i, i/i-Di — 1/2-D2 and xi^i, /iq and xidi — X2d2, yiDi 
and Xidi — X2d2, UiDi — 1/2-D2 and Xidi — X2d2 in the six respective cases (when 
S = H{2;iy^^ and m = 2, one should also keep in mind Demushkin's theorem 
mentioned above). Clearly, the desired normalization can be achieved with the 
help of (T ® e Aut S. Note that r = when dim Jl^l. 

Now consider the case where dim^Ji = 2. Since all T-roots of L are proper, 
so are all I}?-roots of S* = H(2;l); see Lemma 3.2(2). If m = 1 (resp., m = 2), 
then t is a nonzero toral element in W^(l;D(o) (resp., in H {2; l)^"^^ ^q-^) . As before, 
there exists G Aut 0(m; 1) satisfying o //(2; l)^^) o (^-1 = i/(2; 1)(2) if m = 2 
such that (poto = xidi (resp., (j)oto (j)^^ = xidi — X2d2) when m—1 (resp., 
m — 2). According to [St 92, Theorem 111.5(1)], there exists a G Aut 5" such that 

a(%) = F{y,D,) © ^(7/2^2), cT{h) G ¥;{y^D, - 1/2^2)- 

Subtracting a multiple of h from d if necessary we may assume that a{d,) = 
r{yiDi + y2F>2) for some r G -F*. Since T is two-dimensional and contains (d (g) 
1 + Id(g)t)*' = c?'^] (g)H-Id(g)t, it can only be that = r, that is r G Fp. As before, 
the desired normalization can now be achieved with the help of o" ® G Aut S. 

Part (6) is analogous to (2). Part (7) has already been proved; see Proposition 2.3. 

(8) Assume that 5 is a restricted Lie algebra of Cartan type. As all T-roots of S 
are proper by Theorem 3.3, the statement follows from the discussion in [St 92, 
Sect. IX]. □ 

We now have generahzed the main results of [St 89b] to the case where p > 3. 
In particular, we have classified all T-semisimple quotients of 2-sections that 
occur in L; see Theorem 2.2. In fact, our list is more precise that the list in 
[St 92, Theorem II. 2] which is the revised version of [St 89b, Theorem 6.3]. For 
p > 3, all roots with respect to optimal tori in Lp are proper (Theorem 3.3). We 
recall that our definition of "properness" differs from that introduced by Block 
and Wilson. 



4. The subalgebra Q{L,T) 

Our next goal is to show that all deliberations of [B-O-St] are valid for p > 3. 
Theorem 1.15 of [B-O-St] can now replaced by the stronger Theorem 2.2 of the 
present work, and Theorem 1.16 of [B-O-St] can be substituted by the stronger 
Corollary 3.4. 
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Lemmas 2.1-2.4 of [B-O-St] generalize easily to the case where p > 3: the 
proofs of Lemmas 2.1 and 2.2 require no changes, while Lemmas 2.3 and 2.4 are 

even easier to prove now, as we acquired more information on T. 

Let us look at the proof of [B-O-St, Lemma 2.5]. Suppose S = 1^(1; 2). Since 
all roots are proper, T cannot be as in [St 92, Theorems V.2 and V.3]. So T is as 
in [St 92, Theorem V.4], hence the result follows. Suppose S = //(2; 1; $(r))(^). 
Then [St 92, Theorem VII. 3] yields that all 1-sections of S are solvable. This is 
the claim. Suppose S = H(2; (2, l))*-^-*. Then Corollary VI. 3 and Theorem VI. 4 of 
[St 92] imply the statement of [B-O-St, Lemma 2.5] in this case. Note that, apart 
from straightforward computations, only [B-W 88, (10.1.1)] is used in [St 92, 
Sect. VI], and that holds forp > 3. When S = H{2;1; A), the proof of Lemma 2.5 
in [B-O-St] relies only on elementary observations and [B-W 88, (11.1.3)], which 
holds for p > 3. 

The proof of Lemma 2.6 in [B-O-St] requires no changes (for a more elaborate 
computation see [St 92, Sect. IX]). Corollary 2.7 of [B-O-St] holds for p > 3 too. 

Thus all results of [B-O-St, Sect. 2] hold for p > 3. It is now a matter of routine 
to check that all results of [B-O-St, Sect. 3] remain valid for p > 3 as well. As a 
consequence, wc obtain the following: 

Theorem 4.1. Suppose all tori of maximal dimension in Lp are standard and 
let T be an optimal torus in Lp. If a G T{L,T) is classical or solvable, define 
Qa '■— La- If CK & r{L,T) is Witt or Hamilton, denote by -^[q;](o) the standard 
maximal subalgebra of L[a\ and define 

where ipa '■ L{a) L[a\ stands for the canonical homomorphism. Then 

Q = Q{L,T) := H ® 

7er(L,r) 

is a T -invariant subalgebra of L. 

Note that L — Q \l and only if all roots in r(L, T) are solvable or classical. As 
another consequence, we obtain: 

Theorem 4.2. Let T be an optimal torus in Lp. Given a,l3 & r{L,T) set 
Q{a,l3) := Q n L{a,l3) and let d{o:,l3) denote the maximal solvable ideal of 
T + Q{a,P). Let ga,/3- T + Q{a,P) -» (T -|- Q{a, l3))/d{ci, P) be the canonical 
homomorphism, and set M := ga,i3{Q{(^, P))- Then one of the following hold: 



(A) 


M = 


(0); 


(B) 


M = 


5l(2); 


(C) 


M = 


5l{2)®5l{2); 


(D) 


M ^ 


sl(2)®0(l;l); 


(E) 


M = 


if(2;l;$(r))« 



17 



(F) M is classical of type A2, B2 or G2. 

The main result of [P-St 04] tells us that if L = Q, then L is either classical 
or of Cartan type. So from now on we will assume that Q{L,T) ^ L for any 
optimal torus T C Lp. 

Our next goal is to show that T + Q is a maximal subalgebra of T + L C Lp. To 
do this we will need a result on roots in r(L, T) sticking out of the subalgebra Q. 
The union of all such roots is denoted by in [St 93]. The set $_n r(L(a, l3),T) 
is described in [St 93, Theorem 1.9] for all types of 2-sections K — L[a,P] that 
occur in Theorem 2.2. It should be stressed here that the proof of Theorem 1.9 
in [St 93] only relics on [B-W 88, (10.1.1)], [B-O-St, Lemma 2.5] and [St 92, III, 
IV.4, IV.5, V.4, VII, IX]. Therefore, it holds for p>3. 

Theorem 4.3. T + Q is a maximal subalgebra ofT + L. 

Proof. liT + Q — T + L, then all roots in r(L, T) are solvable or classical. Since 
this case has been excluded, T + Q is a proper subalgebra of T + L. Let G be a 
subalgebra of T + L such that T + Q C. G. Note that G is T-invariant. There 
exists a nonsolvable, nonclassical root a e r(L,T) such that G (1 L(a) ^ Q{a). 
As Q{ck) is a maximal subalgebra of L{a), it must be that L{a) C G. 

(a) Pick P e r(L, T)\Fpa and consider the 2-section L{a, (3) and its T-semisimple 
quotient K = L[a,l3\. We let ^: L{a, (3) -» K denote the canonical homomor- 
phism, and put G := ^{G fl L(a,P)). 

We will now go through the eight cases of Theorem 2.2. If K is as in case (6) 
or as in case (7) with S being one of W{1;2) or H{2; (2, l))^^), then T{K,T) con- 
tains a root S which vanishes on '^{H). Indeed, in case (6) this is easily deduced 
from Corollary 3.4(6), so assume that we are in case (7). Combining [St 93, The- 
orem 1.9] with Theorem 2.2(7) one observes that ip{H) normalizes the standard 
maximal subalgebra 5'(o) = tl'{Q{a,(3)) fl K^^\ Since the subalgebras Vr(l;2)(o) 
and H{2; (2, l))(o) are restricted. Theorem 2.2(7) yields that TR{ip{H),K) = 1. 
Hence T fl '4>{H)p is spanned by a single toral element. On the other hand, it 
follows from [St 92] that \T{K, T)\ = — 1 in the present case. This shows that 
there is a root 5 G r(i^, T) which vanishes on ip{H). 

The 1-section L{S) is nilpotent, hence K{6) C ij{Q{a,p)) C G. By [B-W 88, 
(10.1.1), (11.1.1)] and [St 92, Theorem IV. 5(3)], the root space Ks contains an 
element x with a{x^^) ^ 0. The adjoint endomorphism adx acts invertibly on 
each subspace 0jgFp -f^sa+i5 with s e F*. As L(ci;) UL(5) C G, this yields K <zG. 

(b) Now suppose that K has type different from the ones considered in part (a). 
As a is Witt or Hamiltonian, it must be that r(i^/ G, T) C \Fpa. The descrip- 
tion of $_ n r(L(a,/5),T) in [St 93, Theorem 1.9] now entails that r{K/G,T) 
has one of the following types: 



0, ilJ'}, {±/^}, {1^,^^}, 
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where /i and u are Fp-independent roots in r{L{a /3),T) \ ¥pa. Consequently, 
the a-string through each of the displayed roots contains no more than two roots 
from T{K/G,T). As p > 5, there exists jo G F* such that C G. 

On the other hand, the derived subalgebra of A'(a)/rad i^(Q;) is isomorphic to 
either 1) or iJ(2; 1)*^^^; see Theorem 2.1(ii). From this it is immediate that 
K{a) — kerr + radii'(Q;), where r denotes the representation of K(a) in K/G 
induced by the adjoint action of L. 

We now interpret this information globally. Set N : = subalgebra 
of G. Let (3 be any T-root of L with f3 ^ ¥pa. li K = L[a,f3] is as in part (a) 
of this proof, then K ^G, forcing C G. Otherwise, [N, L{l3)] C G by the 
discussion above. As a result, [N,T + L] C G. Applying [B-O-St, Lemma 4.1] 
(which holds in all characteristics), we now deduce that acts nilpotently on L. 
But then A^ acts nilpotently on itself contrary to the fact that A^ = A^*^^-* ^ (0). 
This contradiction shows that G = T + L and hence that T + Q is a maximal 
subalgebra of T + L. □ 

Corollary 4.4. If Q = Q{L,T) is solvable, then L = W{l]n) for some n and 
gcL(o)^iy(l;n)(o). 

Proof By Theorem 4.3, Q is a maximal T-invariant subalgebra of L. As Q is 
solvable, [St 04, Corollary 9.2.13] says that L is one of s[(2), W{1; n), H{2; n; ^^^^ 
(up to isomorphism). Moreover, the proof of Corollary 9.2.13 in [St 04] shows 
that either L = si{2) or Q is a Cartan subalgebra of L or L = W{l;n) and 
Q C W{l]n)(oy Since Q L, the first possibility cannot occur. If Q is a Cartan 
subalgebra of L, then every 1-section of Q relative to T is nilpotent. But then it 
immediate from the definition of Q and Theorem 2.1(ii) that every 1-section of 
L relative to T is solvable. However, in this case Q = L which is impossible as L 
is simple. Thus, L = W{l;n) and Q C W^(l;zi)(o) as stated. □ 

5. The associated graded algebra 

In this section we will go through [St 93] in order to extend the results there 
to our present situation. All references to [St 93] will underhned; for example. 
Lemma 2.3 will indicate that we refer to Lemma 2.3 of [St 93]. We will adopt the 
notation of [St 93]; in particular, $ = <I>(L, T) will denote the set r(L,T) U {0}. 

Lemma 1.1 and Corollary 1.2 are valid in all characteristics; sec [St 04, §1.2]. 
Tlicoreni 1.3 holds for p > 3; see Theorem 2.1(ii). Tlicurcm 1.4 is our Theo- 
rem 2.2. and Theorem 1.5 is covered by the stronger Corollary 3.4 of the present 
paper. Theorem 1.6 is easily deduced from our Theorem 4.3 and Corollary 4.4, 
while Theorem 1.7 is our Theorem 4.2. Lemma 1.8 is often referred to as Schue's 
lemma; it holds all characteristics. Theorem 1.9 holds for p > 3; see our discus- 
sion before the proof of Theorem 4.3. CoioUaiy 1.10 follows from Theorem 1.9 , 
hence remains valid in our present setting. The proofs of Theorem 1.11 and 
Theorem 1.12 only need Theorems 1.4 and 1.7 . Therefore, these results remain 
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true for p > 3. Lemma 1.13 does not require any restrictions on p; see [St 04, 
Proposition 1.3.7 and Corollary 1.3.8]. Lemma 1.14 (which is a reformulation of 
[B-W 88, (3.1.2)]) does not need any restrictions on p either. Summarizing, all 
results of [St 93, Sect. 1] are valid for p > 3. 

The proofs of Lemmas 2.1 and 2.2 work for p > 3. Note that Lemma 2.2(4) 
holds if /i e A. Indeed, if // vanishes on H, then [P-St 04, Theorem 3.1] implies 
that L{fi) acts triangulably on L. However, one has to make some changes on 
pp. 15, 16 of [St 93]. 

Lemma 2.3 (new parts). 

(3) IfTR{H,L{a,l3,K)) >2, then dimL{a, (3, K)/Q{a, f3, k) < Ap. 

(4) Assume that k G If^ij^r^ dim L^+ia+jf^/Qn+ia+j (3 > 5p, then 

(a) a,(3 e A; 

(b) n{Qia+jp) 7^ for all i,j e Wp] 

(c) L^+ia+jf3 (f- Q for all i,j e F^; 

Proof. (3) If Lii^j^jot+kp C Q for all nonzero {i,j,k) G F^, then we are done. 
Thus, replacing k by a suitable root in ¥pK + FpO; + ¥p/3, we may assume that 
^ Q. Since TR(^H, L{a, P, k)^ > 2, we may assume, renaming a if nec- 
essary, that a and k are are linearly independent on H. We take /? G A if 
TR(^H, L{a, P, k)) = 2, and we take /? to be independent of a and k, as functions 
on H if TR{H, L{a, p, n)) > 3. 

Given £ G Fp put pi := a + ip. Then in both and Pi are Fp-independent 

as functions on H. Since L{a, P, k) — ^^^^^ L{k, p^) + L{k, P), we have that 

dim.L{a,P,K)/Q{a,P,ii) < ^ {dimL{K,, pe)/Q{ii, pt) - dim.L{K)/Q{K,)) 

+ dimL(K,P)/Q(K,P). 

As Lk, ^ Q, the root n is either Witt or Hamiltonian. It follows that k vanishes 
on if n radr L{k,, Pi) G H (1 lad L{k,) for all i G Fp. If pi does not vanish on 
H n TSidT L{k, Pi), then Li^^j^^ C ladT L{k, pi) for all i G Fj, and j G F*. Then 
L[k,, Pi] = L[K,,pi]{K,) is of type (2); see Theorem 2.2. If both k, and pk vanish on 
Hn radr L{k., pi), then they are linearly independent as elements in r{L[K., pi], T), 
forcing TR(^tJj{H), L[k,, •ye]) = 2. In this situation Theorem 2.2 shows that L[k, pi] 
cannot be be of type (1), (2) or (6). If L[k, pi] is of type (7) and S is one of W^(l; 2), 
H{2; (2, 1))(2), i7(2; 1; ^{t))^^\ then one of the roots in T{L[K,pi],T) vanishes on 
ij{H); see [St 92, (V.4), (V5), (VI.4), (VII.4)]. Since in the present situation k 
and Pi are linearly independent on ip{H), this is not the case. 

Thus, each 2-section L[k, pi] must be of type (2), (3), (4), (5), (8) or of type 
(7) with 5" = ii'(2;l; A). Theorem 1.9 now imphes the following: If k is Witt, 
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then only k and at most three more roots stick out of Q{K,pi). Also, at most p 

roots stick out of Q(K,f3). Then dim L{a, K,)/Q(a, (3, k) < 3p + p = 4p. If k, 
is Hamiltonian, then only ±k and at most two more roots stick out of Q{k,,P£), 
whereas the number of roots sticking out Q{k,,P) is at most 2p. In this case we 
have dimL(Q;, K)/Q{a, (3, k) <2p + 2p = Ap. The claim follows. 

(4) Let n be the number of 2-sections L(fi;, //) with p e Fpa+Fp/3 such that L[«;, /x] 
is either of type (6) or of type (7) with S being 1^(1; 2) or H{2] (2, l))^^). Our 
present assumption on k is slightly weaker than that in the original Lemma 2.3(4). 
Arguing as in the original proof, we obtain that 5p < (3 + n)p + 3(1 — n). Then 
(n — 2)p > 3(n — 1), forcing n ^ {0, 1, 2}. Hence n > 3, and we can proceed as 
in the original proof; see [St 93, p. 16]. □ 

Lemma 2.4 is an immediate consequence [St 91b, Proposition 2.2] which, in 
turn, relies on [St 92, Theorem IV.3(1)], some standard considerations, and a 
version of our Corollary 3.4 (proved in [St 92]). Since [St 92, Theorem IV. 3] is 
true in all characteristics. Lemma 2.4 holds for p > 3. 

Lemma 2.5 (new proof). Suppose /3 e $ and a e $ \ A, and put J := J{Q, T). 
Then [J a, Qp] acts triangulably on L. 

Proof. First suppose that a = ifi and f3 = jfi for some ^ G $ and i,j G Fp. Then 
F*/x n A = 0. If i = —j, then Lemma 2.2(4) yields the assertion. If i 7^ — j, the 
assertion follows from Lemma 2.2(3). So from now on we may assume that a and 
/3 are Fp-independent. 

Suppose the assertion is not true. Then there is k G $_ with Q and 

K{\Ja,Qfi\) 7^ 0. We have that L^+a+g = [[Jq, Q/g], -^^k] 't- Q- Lemma 2.3(1) now 
shows that TR{H, L{a, (3, k)) > 2. The new version of Lemma 2.3(3) then yields 

dim L^+ia+jls/ QK+ia+j/3 < 4p, 

implying that the adjoint (T + Q{a, P))-modu[e ©j^gjr* L^+ia+jp has a compo- 
sition factor of dimension < p"^. We call it V and denote by p the corresponding 
representation of T + Q{a, j3) in 0t(V^). 

In view of Lemma 2.4 , J n Q{a, 13) is a solvable ideal of T + Q{a, (3). If (J fl 
Q{a,l3))'^^^ C kerp, we set I :— J H Q{a,l3)'^^'> + kerp. Otherwise, choose A; > 1 
maximal subject to the condition ( J fl Q{a,l3))^^'> <f_ kerp, and set / := ( J fl 
(5(q;, /9))^^) + kerp. Since \Ja-,Qi^ ^ kerp, it follows that in either case / is an 
ideal of Q{a^ (3) satisfying I^^^ C ker p and / ^ ker p. 

It is easy to see that / acts nilpotently on (^(q;, /3)/kerp. As Qp ^ kerp 
and Qa+i5 't kerp, we have that a{I^) = I3{I^) = for all 7 G By general 
representation theory, there is a linear function x on / such that p{u) — x(w)Idy 
is a nilpotent operator for all u & I. It is immediate from the preceding remark 
that x(ti) = k{u) for all u G U7e* 
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Parts (a) and (b) of the original proof of Lemma 2.5 do not use any restriction 
on p. So let us take a look at part (c): If there exists a nonzero A e $ with 
/a ^ ker p, then part (b) of the original proof shows that Ix + ker p is an ideal of 
T + Q{a,P) acting nonnilpotenty on V. The above discussion then yields that 
K,{Ix) 7^ 0. Since [I,Q{a,/3)] C kerp by part (b), it follows that 

Q{a, (3) C {u G T + Q{a, P) \ «]) = 0} C T + Q(«, (3). 

By general representation theory, the (T + /?))-module V is then induced 
from its (^(a;, /3)-submodule Vq of dimension < dim^ < 4. 

Let G (5/3 be such that K{[Ja,xp]) ^ 0. Note that Jfl Q{a,/3) + Fx^ is a 
solvable subalgebra of Q{a, (3). Since dim Vq < p, it must act triangulably on Vq. 
Combining this with the Engel-Jacobson theorem one now observes easily that 
(J n + FxgY^'^ C ./ acts nilpotently on V. As a consequence, [Jq,x^] 

acts nilpotently on V, implying n{\Ja-,Xfj]) = 0. This contradiction shows that 
I C H + ker p. The rest of the original proof works for p > 3. □ 

The original proofs of Theorem 2.6 , Corollary 2.7 and Corollary 2.8 go through 
for p > 3 (in fact, the proof of Corollary 2.8 can be streamlined by making use 
of Corollary 2.7(3)). The original proof of Theorem 2.9 only requires one very 
minor adjustment in the middle of p. 21 in [St 93]: 

"If dimW^ > 5p, then assertion (4a) of the new Lemma 2.3 yields a G A, a 
contradiction. Thus dim < 5p < p^." 

Thus, all results in [St 93, Sect. 2] essentially remain true for p = 5,7. Next, 
inspection shows that apart from standard results valid in all characteristics, the 
arguments in [St 93, Sect. 3] rely only on results of [St 92] and [B-O-St] valid for 
p > 3, on Theorems 1.9 and 2.6 , and on Lemma 2.3(5) which we did not change. 
Hence all arguments and results in [St 93, Sect. 3] remain valid for p > 3 

In order to show that the proofs in [St 93, Sect. 4] generalize to the case 
where p > 3 we first recall that all results of [St 91a] are vahd for p > 3; see 
[P-St 04, Sect. 5]. It should also be noted that [B-O-St, (4.7)] holds for p > 3; 
see Corollary 4.4. Since [St 90, (2.4)] and [St 91b, (4.5)] can now be substituted 
by [P-St 04, Theorem D], inspection shows that all results used in [St 93, Sect. 4] 
are valid for p > 3. Thus, what remains to be revised in [St 93, Sect. 4] is the 
proof of Claim 4 in Theorem 4.6 (this proof uses the inequality p — 1 > 5 which 
is no longer available in our situation). 

New proof. Let H denote the image of H in G{o}- As the T-root spaces of 
Gj-i} are 1-dimensional, by part (3) of the proof, the subalgebra H is spanned 
by hi, i = 1,2, and diraH = 2. By parts (2) and (3) of the proof, we have that 
h2 G G^^^jy and tr (adc^.^j/ii) ^ 0. It follows that H f] G^^^jy C Fh2. Let b denote 
the invariant symmetric bilinear form on G{o} given by 

b{x,y) := tr{adG^_-,yXoadG^_-,yy) (Vx, y G G{o}). 
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The radical G-^^^y :— {x e G{o} I H^, ^{o}) = 0} of 6 is an ideal of ^{0}- Suppose 

^{0} ^ '^{0} 7^ (0). Then h2 G Gf^^y, hence b{h2, = 0. Recall from part (3) 
of the proof that 

G{_1} = C^-ilJ + <^{-l} -/3 + 5Z 

-l<i<l 

and a{h2) = 0, /?(/i2) = —1- Since p > 5 and dimG{_i} ,^ = 1 for all weights 
7 of this can only happen if Gj-i} = Gj-ij^a. But then in the notation 

of [St 93, Sect. 4] we have G = G(-i) = Fzq © G'^q)- R-ccall that G'^^^ is the 
normalizer of Fup-2 © J, where J = X]j>p-i ^'^'i assuming that J is 

a maximal ideal of G. From this it is immediate that the subalgebra G'^^^/J of 
the simple Lie algebra G/ J acts triangulably on G/ J. However, G'^^^/J contains 
a copy of sl{2) spanned by the images of D(x^), D(xy) and -D(y^) in G'^q^/J. 

Therefore, Gfo^nGji)jn:ff=(0), implying G^o^nGfo^ = {Gf.ynG^^y) ^. 

Since all elements in U7^o^{o},7 nilpotently on the Engel-Jacobson 

theorem yields that Gj-^y fl G|q| acts nilpotently on G{_i}. Since G{_i} is an 
irreducible G{o}-module, Gj^y fl G^qj = (0) necessarily holds. But then b is 
nondegenerate on G^g-^, forcing G{o} = G|q| ® G where G is the orthogonal 

complement to G^^^y in G{o}. As [G|q|, G] C G and G^^^ C G^gj, it must be that 
G is a central ideal of G{o}- On the other hand, the center of G{o} has dimension 
< 1 by Schur's lemma, and hi ^ G|q| by our remarks earlier in the proof. Hence 
G coincides with the center of G{o}, and Claim 4 follows. □ 

We have already mentioned that Proposition 2.2 of [St 91b] remains true for 

p > 3. As a consequence, Lemma 2.4(1) of [St 91b] is valid for p > 3. Then one 
can see by inspection that Lemma 5.1 remains true for p > 3 as well. 

Part (a) of the original proof of Lemma 5.2 has to be modified, however: in 
the course of the proof one has to show that a certain torus R is optimal, but 
the argument used in [St 93] docs not extend to the case where p — 5,7. The 
argument below will justify that R is optimal for p > 3. 

We begin as in [St 93, p. 46] and establish the existence of a root n with 

K^A, k(L„)7^0, a([L«,L^_«] 7^0. 

Put K := nn>o -^('^'/^' '^)*'"'' and let / be a maximal ideal of K. Put G := K/I 
and let Gp be the p-cnvclopc of the simple Lie algebra K in Der K. Let (p: K ^ G 
denote the canonical homomorphism. 

New part of the proof, (a) Suppose TR{G) = 2 and put := ip{K{(3)). Then 
one shows as in the original proof that A" is a triangulable Cartan subalgebra of 
G with TR{N, G) = TR{G) = 2. Let Ap be the p-cnvelope of A^ in Gp, and let R 
denote the unique maximal torus of Gp contained in Ap. Note that dimi? = 2. 
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Suppose L{a, (5) is not solvable. Then one shows as in the original proof that 

Our choice of k then implies that TR{K) — 3. Hence / is a T-invariant ideal of 
K. If 7^ or a(/^) ^ 0, then Ki^+jp C / for all nonzero G (one 

should keep in mind here that f3{Ka) 7^ and a{Kp) 7^ 0). This yields TR{I) > 2 
forcing TR{G) < 1, a contradiction. Thus, it must be that /3(/a) = otitis) = 0. 
Therefore, 

/?(G'«)7^0, a{Gp)^Q, I n K{a,(3) C H + rad K{a,(3). 

Since a, /3 e A and TR{G) — 2, this entails G — G{a, P). Since k ^ A, we now 
deduce that C /. But then a([4,L^_K]) = a([irK, L/3_J) = a{[L^,Lp_^]) ^ 
0, showing that Gia+jf^ C / for all i G F* and j G Fp. As this contradicts our 
assumption that TR{G) = 2, we deduce that L{a,P) is solvable. 

We now intend to show that all i?-roots of G are proper. The 1-sections of G 
relative to R are related to the 2-sections of K relative to T as follows: Let /i be 
any T-root of K. Since / is K{f3)-stah\c and dim R = 2, the map ip takes the 
subspace Kj;^ := 0jgjr K^^ip onto a root space relative to R. Conversely, every 
i?-root space of G is of the form (p{Kji) for some /x G {a, (3, k). The nonzero roots 
Ji G R) correspond to those G ^{K, T) which are Fp-independent of (3. 

Let /I be a nonzero root in i?). As G is a simple Lie algebra and R 
is a torus of maximal dimension in Gp, Theorem 2.1 shows that the derived 
subalgcbra U := G[jl]''^^ of G[Ji] = G(/I)/radG(/I) is either (0) of one of s[(2), 
1), H{2;lY'^\ Furthermore, U has codimension < 1 in G[Ji\. If U is either 
(0) or 5((2), then Jl is solvable or classical, hence proper. So from now on we may 
assume that U is either 1^(1; 1) or H{2;lY'^\ 

By analyzing the list of semisimple quotients in Theorem 2.2 one finds out 
that L[^, P] can only be of type (2), (3), (4), (6) or (7). Indeed, in case (1) 
the Lie algebra L(/x, /3) is solvable, hence U — (0). In case (5) no 1-section in 
L\ji, P] is nilpotent, for otherwise one of the roots in r(L[/i, T) would vanish 
on /i® 1 G ip{H) (the notation of Proposition 2.3(6)). But then the ccntralizcr of 
h^l in L[fi, f3] would be nilpotent, contrary to the description in Theorem 2.2(6). 
In case (8) the inclusion T C ^l'{H) holds as L[/x, (3] is simple and restricted. Since 
U is of Cartan type, the Lie algebra L[/x, /?] cannot be classical. As a consequence, 
in both cases (5) and (8) the set $(L[/i, T) contains a nonzero multiple of (3. 
This, however, contradicts our assumption that f3 vanishes on H. 

It is immediate from the definition of K that K[n, j3) is an ideal of L(/x, (3) 
containing nn>o -^(a*) Z^)^"^- Let tt: K{ij,,/3) — > L[ij,,/3] denote the restriction to 
K{ii,(3) C L{fj,, (3) of the canonical homomorphism ■0: L{iJ,, (3) L[//,/3], and 
(Pn^p : K{fi, (3) ^ G the restriction to -ft'(/i, (3) d K oi the epimorphism ip. As 
explained above, </?^_/3 takes K{ii,(3) onto the 1-section G(/i) with respect to R. 
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Composing (/j^^j with the canonical homomorphism G{ii) — > G\ji\ we obtain a 
surjective Lie algebra map u: K{fi,P) -» G[Ji]. 

Let S denote the socle of L[fj,, (3] and Q[ii, (3] the maximal compositionally 
classical subalgebra of Lip,, P]. Put 

e := dim L[iJ,,P]/Q[iJ,,/3]. 

Consider cases (2), (4) and (7). In each of these cases 5* is a simple Lie algebra 
and the quotient L[fi, f3]/S is nilpotent. Then tt^^{S) is simple modulo its radical 
and Ti{K{^, /?)) D 5*, by our earlier remarks. Since G\jl] is semisimple with simple 
socle U = G[jj]^^\ it must be that o n~^){S) is either (0) or U. As L[ij,,(3]/S is 
nilpotent, the first possibility cannot occur. Therefore, 

(z/ o 7r-^){S) = U = S, kevpc ker tt. 

Consequently, ker z/ = lad K{fi, f3). By our earlier remarks, S is either 1^(1; 1) or 
H{2;lY'^\ We denote by 5(0) the standard maximal subalgebra of S. 

As TR{U) — 1, case (7) is impossible. It is easily seen that in case (2) we have 
e = 1 if <S is Witt and e = 2 if 5" is Hamiltonian. Lemma 2.2 of [B-O-St] holds for 

p > 3 and shows that in case (4) wc have e = 2 and S = H(2; Furthermore, 
Q[fi, P] n S = S(o) in both cases. Let M := [y o tt^-*^) a subalgebra of 

G\}i\. Since kerz/ is solvable, M has the following properties: 

1. M/radM is either (0) or s[(2); 

2. dim G[Ji]/M < e; 

3. MnU C f/(o). 

Then M coincides the maximal compositionally classical subalgebra of GlJl]. 
Moreover, since (3 is solvable, it must be that K((3) C 7i~^{Q[fi, P]). This implies 
that R normalizes M. Consequently, /I is a proper i?-root. 

Now suppose we are in case (6). Then S — S <Si 0(1; 1), where S is one of sl(2), 

W{1;1), H{2;lY^\ and L[iJ^(3]/S is nilpotent. As S is perfect and S/iadS is 
simple, this gives {u o 7r^-'^)(iS') = S and ker u C ker n. Hence ker p = rad (3). 
We now proceed as before. Let n denote the centralizer of ® 0(1; l)(p_i) 

in L[n,(3]. Since S 0(1; 1) C L[fi, P] C 5 ® 0(1; 1) by Theorem 2.2(6), it 
is straightforward that n = radL[/i,/9]. Then 7r~^(n) C keru by the preceding 
remark. Using [B-O-St, Lemma 2.4] (which holds for j9 > 3) one observes that 
when S is Witt (resp., Hamiltonian), the subalgebra Q[fi, P] +n has codimension 
1 (resp., 2) in L[iJ,, P]. As 7r"^(n) C kerv, it follows that o 7r~^)(Q[/j, P]) 
is a maximal compositionally classical subalgebra of G[J1]. It contains u{K{P)) 
because P is solvable. Therefore, /I is a proper i?-root. 

Finally, suppose wc arc in case (3). Then L\ji, P]/S is nilpotent and S = 5*1 ©5*2, 
where Si G {sl{2), 1^(1; 1), ff(2; l)^^)} for i = 1,2. Since L[fx, p] C DevS, the 
Lie algebra 'k{K{^, P)) D 5" is semisimple. Hence kerTr = rad i<'(/x, /?). By 
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Proposition 2.3(3), we have T C il>{H), which imphes that no nonzero root in 
$(L[/x, /9],T) vanishes on tlj{H). It follows that Ktp C kervr for all i G F*. As 
^{Klfi, f])) is semisimple, we have ker vr = rad K{n, j3) C kcr v. As TR{G\jl]) = 1, 
either (i/ o tt~^){Si) = (0) or (i/ o 7r~^)(5'2) = (0). No generality will be lost by 
assuming that the latter case occurs. Then {u o 7r~^)(5'i) = U ^ Si. 

Denote by m the centrahzer of Si in L[//, This is an ideal of L[/i, /3] contain- 
ing 5*2. Since m/S'2 is solvable, the preceding remark implies that 7r~^(m) C ker u. 
When 5*2 is Witt (rcsp., Hamiltonian), the subalgebra Q[fi, j3] + m has codi- 
mension 1 (resp., 2) in L[/i, As in the previous case we now obtain that 
{u o 7r~^)((5[//, is a maximal compositionally classical subalgebra of It 
contains z/(i^(/5)) because P is solvable. Thus, all it!-roots of G are proper. Now 
proceed as in the original proof of Lemma 5.2 . □ 

The rest of Section 5 and most of Section 6 are essentially self-contained: they 
rely only on earlier results in [St 93] and all arguments hold for p > 3. However, 
in what follows we will need a slightly different version of Theorem 6.7 . 

According to Theorem 3.5 , the maximal subalgebra T + Q of T + L gives rise 
to a long standard filtration in T -|- L, and the corresponding graded Lie algebra 
G := gT{T + L) has a unique minimal ideal A{L, T). Furthermore, the Lie algebra 
A(L,T) = graded and there exist a nonnegative integer m and a 

simple graded Lie algebra S{L,T) — 0jg2 such that 

A(L,r) =5(L,r)® 0(m;l), = (g) 0(m; 1) (Vi e Z) 

as graded Lie algebras. Our next result describes the graded component 5'[o] of 

5(L,r). 

Theorem 5.1. The Lie algebra S'pj is one of the following: 

(a) 1- dimensional; 

(b) classical simple; 

(c) slikp), ^iikp) or pg[(A;p) for some k > 1; 

(d) S'jQj © C where G = G{S[o]) is 1- dimensional and is either classical 
simple or pQl{kp) for some k > 1. 

Proof. (1) We know from Proposition 3.10 and Proposition 6.5(4) that i/[o] = 
Csjjjj (T) is an abelian Cartan subalgebra of 5'[o] . By Proposition 6.1(3), the semisim- 
ple quotients of the 2-sections of S[o] relative to i/[o] are of types (0), Ai, Ai x Ai, 
A2, C2 or G2. In view of Lemma 6.2(2) and Proposition 6.5(1) we have that 
radS'[o](a) C H[o] for every root a e $(S'[o], i/[o]). Consequently, S[Q]{a) is non- 
solvable if cS 7^ 0. By Proposition 3.10 and Proposition 6.5(2), the torus T acts 
on S[_i] and i7[o] distinguishes the weight spaces of S[_ij relative to T. Since those 
are 1-dimensional, by properties of Q{L,T), we derive that every 5'[o]-submodule 
of S[-.i] is T-stable. The construction of S{L,T) now yields that S[-i] is an ir- 
reducible S'[o]-module. But then rad5'[o] C if[o] acts on S[^ij by scalar operators. 
As a result, radS'[o] — G{S[q]). 
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Suppose a, P & ^{S^, H^) are linearly independent. As 

rad5[o](7) = {he H^o] \ l{h) = 0} (V7 G $(^[0], i^[o]) \ {0}) 

and kera fl ker/? has codimension 2 in i/[o], it must be that 5'[o][a,/5] ^ -st(2). 
But then ^lojfa,/?] has type Ai x Ai, C2 or G2. This implies that a and ^ are 
linearly independent as functions on Hp^ P^S^. As dim 5'[o],7 = 1 for any nonzero 
7 e $(S'[o], -ff[o]), it follows that every ideal of is if [0] -stable. 

Since S[q\ = S^^^ + if[o] and /J[o] is abelian, the derived subalgebra 5"^^ is 
perfect. The preceding remark implies that radSj^^ = C(S'[o]) fl S'^. Put Q : = 

/ia.dS^ and let f) denote the image of if[o] fl in g. Obviously, g is 
perfect and semisimple. The above discussion shows that F) is an abelian Cartan 
subalgebra of Q and the pair (g, [)) satisfies the Mills-Seligman axioms. Since 
p > 3, the main result of [M-Se 57] enables us to conclude that g is a direct sum 
of classical simple Lie algebras. 

(2) Theorem 3.3(4) yields Q(p-2) 7^ (0). Furthermore, the proof of Theorem 3.3 
shows that Q{p-i) 7^ (0) provided that L 7^ Q(-i)- It also shows that if L = 
then there exist root vectors x & L\Q and u e Q^i) with [[x, ?/], (5(p-2)] 7^ (0)- 
Since G[_i] C A{L,T), it follows that ^[p-2] 7^ (0). As a consequence, 5'[3] 7^ (0). 
Now Lemmas 12.4.2-12.4.4 of [B-W 88] apply and yield that q is simple or zero. 
At this point we can refer to [B-W 88, Corollary 12.4.7] to complete the proof. 
(All our references to [B-W 88, Sect. 12] work for p > 3; we are not interested in 
the p-structure of Sp which is also discussed in [B-W 88] .) □ 

Now we are ready to determine the Lie algebra S{L,T). 

Theorem 6.7 (new). Let L be a finite- dimensional simple Lie algebra over F 
and suppose that all tori of maximal dimension in Lp are standard. Let T be an 
optimal torus in Lp and assume that Q{L,T) 7^ L. Let A{L,T) be the minimal 
ideal of the graded Lie algebra G — gr(T -|- L), and S{L,T) the simple graded 
Lie algebra such that A(L,T) ^ S(L,T) 0(m; 1). Then S{L,T) is a restricted 
simple Lie algebra of Cartan type. 

Proof. We will show that the conditions (a)-(d) of the Recognition Theorem ap- 
ply to the graded Lie algebra S{L,T); see [B-G-P, Theorem 0.1] and [St 04, 
Theorem 5.6.1]. 

(a) Theorem 5.1 shows that the graded component S[o] of S{L,T) satisfies con- 
dition (a) of the Recognition Theorem. 

(b) In part (1) of the proof of Theorem 5.1 it was explained that >S'[_i] is an irre- 
ducible ySpj-module. This means that condition (b) of the Recognition Theorem 
holds for S{L,T). 

(c) It follows from the definition of a standard filtration that the Lie algebra 
©i<o ^[i] generated by its subspace Consequently, the Lie algebra 
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©i<o ^[i] generated by 'S'[_i]. If [x, >S'[_i]] = (0) for some nonzero x e ®j>o S^q, 
then the subspacc ®j>Q S[i\ contains a nonzero ideal of S{L,T). Since this con- 
tradicts the simphcity of S{L, T) we derive that condition (c) of the Recognition 
Theorem holds for S{L,T). 

(d) Now suppose that [x, ^iij] = (0) for some nonzero x e S^^j] with j > 0. Since 
the subspace 

is S'[o] -stable, we may assume that x G >S'[_j]^a is a root vector for T. 

Suppose j = 0. Take any h G Y^Qj fl and any 7 G T). It follows 

from the definition of Q{L, T) and Theorem 3.10 that there exist u G S[-i]^^ and 
V G >S'[i] _^ with [u, v] 7^ 0. As mentioned in the proof of Theorem 5.1, the abelian 
Lie algebra H^q] acts on the weight spaces of >S'[_i] relative to T. Since all these 
weight spaces are 1-dimensional and [h,v] = 0, we then have 

l(h) [u, v] = [[h, u],v]^- [[u, [h,v]]^0. 

It follows that h annihilates S[_i]. But then h = 0, forcing n — (0). 
Combining this with Proposition 6.1 and the Engel-Jacobson theorem, we now 
deduce that the ideal Y[o] of S[o] acts nilpotently on S[_ij. The irreducibility of 
S[-i] yields Y[o] = (0). 

Suppose j = 1. Since Y[_i] is an 5'[o]-submodule of and [5'[_i], S[ij\ 7^ (0) by 
part (c) of this proof, the irreducibility of S[_i] now yields Y[_ij = (0). 

Suppose j — 2. Then the 1-section L{a) fits into a 2-section L{a,P) whose 
semisimple quotient is isomorphic to K{3;1); see Proposition 3.4. Since -S'[_2],q; = 
Fx, it follows from Lemma 3.1(1) that that [a;, 7^ (0). Because G[i] = 

S[i] (S> 0{m;l) and x identifies with an element in S[-2] ® F C 5'[_2] ® G{m;l), 
we now obtain that S*!!]] 7^ (0), a contradiction. Hence ^[-2] = (0). As 
S[-j] = (0) for j > 2, by Proposition 3.4, we have proved that all conditions of 
the Recognition Theorem are satisfied for S{L,T). 

(e) Applying the Recognition Theorem we obtain that S{L,T) is either classical 
or of Cartan type or a Melikian Lie algebra. As explained in part (2) of the proof 
of Theorem 5.1, we have that 7^ (0). So S{L,T) has an unbalanced grading, 
hence cannot be classical. The natural grading of any Melikian algebra has depth 
3 and height > 3. As S[^s] = (0), it follows that S{L,T) is not of Melikian type. 
We conclude that the graded Lie algebra S{L, T) is isomorphic to a Cartan type 
Lie algebra X{r; s)^^) regarded with its natural grading (here X G {W, S, H, K} 
and s = (si, . . . , s^) G W). 

To show that S{L,T) is restricted we take any root vector x G S^ij^a with 
i G {—1,-2} and let P be any T-root oi S — S{L,T). The semisimple quotients 
of the 2-sections of S relative to T are described in Theorem 3.11 . Further- 
more, the proof of Theorem 3.11 in conjunction with Theorem 5.1 shows that 
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2-sections of type (7) do not occur. Since a e it also follows from the proof 
of Theorem 3.11 that 



{eidxy{S{a,P)) C radr S{a,P) C e,>o -5[i](Q;, 

But then (ada;)^ maps S{L,T) into 0i>o5[j]- Since S{L,T) ^ X(r;s)(2) as 
graded Lie algebras, this forces s — 1. As a consequence, S{L,T) is restricted; 
see [St 04, Corollary 7.2.3] for example. □ 

6. Classification results 

Similar to [St 93, Sect. 7] the determination of the Lie algebra S{L,T) allows 
one to classify a large family of finite-dimensional simple Lie algebras. Note that 
all results and arguments used in [St 93, Sect. 7] are vahd for p > 3. 

Theorem 6.1. (cf. [St 93, Theorem 7.3]). Let L be a finite- dimensional sim- 
ple Lie algebra over F such that all tori of maximal dimension in Lp are stan- 
dard. Let T be an optimal torus in Lp and suppose that Q{L,T) ^ L and 
L[a,/3](i) ^ ^(2; l;$(r))(i) for any two roots a,f3 e T{L,T). Then L is iso- 
morphic to a Cartan type Lie algebra and Q{L,T) is contained in the standard 
maximal subalgebra of L. 

Proof One argues as in the original proof of Theorem 7.3 in [St 93] to construct 
a maximal subalgebra L(o) containing Q{L, T) and to show that the pair (L, I/(o)) 
satisfies all conditions of the Recognition Theorem for filtered Lie algebras; see 
[St 04, Theorem 5.6.2]. The argument in [St 93, pp. 57, 58] shows that L = i^(-2)- 
This implies that L is not isomorphic to a Melikian algebra. Since S{L, T) is of 
Cartan type, it follows from the construction of L(o) that 1/(^-2) 7^ (0). But then 
L cannot be classical. By the Recognition Theorem, L must be isomorphic as 
a filtered Lie algebra to a Cartan type Lie algebra regarded with its standard 
filtration. This completes the proof. □ 

We continue assuming that all tori of maximal dimension in L are standard and 
Q{L, T) ^ L. In view of Theorem 6.1 we can also assume now that for any optimal 
torus T in L^ there are a, /3 e r(L, T) such that L[a, /3](^) ^ H{2] 1; ^{t))^^\ For 
p > 7, the simple Lie algebras with these properties are classified in [St 94]. We 
will go through the arguments in [St 94] to verify whether they are still valid for 
p = 5,7. All our references to [St 94] will be underlined. 

We have already shown in [P-St 04] that the results of [St 91a] hold forp = 5, 7. 
Note that [St 91a] is the main prerequisite to [St 94]. Inspection shows that all 
results and arguments used in [St 94] are valid for p > 5. In fact, only one minor 
issue in [St 94, Sect. 2] requires our attention; it arises when p = 5. 

Proposition 2.4 (new parts). 

(3a) If a E $[-1], /3 G $[o] and a + /3 G $[o], then a is Hamiltonian, p = b, 
and (3 = 2a. 
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(3d) [Q^, La] n Q C for all A e $[_i] and e A. 

Proof. (3a) The assertion follows from [St 04, Lemma 5.5.1]. 

(3d) Recall that $[_i](gr(T + L),T) = $[_i](5,T) + A; see Proposition 2.4(2) . 

Since + A e $[_i] + A = <l>[_i] and fl $[0] = by Proposition 2.4(3b), the 



statement follows. 



□ 



As a result of the above changes we have to modify shghtly the statement and 
the original proof of Proposition 2.5: the subspace Vb from Proposition 2.5 has 

to be selected in a more sophisticated fashion. 

Proposition 2.5 (new proof). 

1) There exists a T-invariant subspace V"_i C L such that 

L^v_i + Q, K.ing = (o). 

2) There exists a T-invariant subspace Vq (Z Q such that 

Q{i) nVo^ (0) and {Vo + Qii))/Qii) = A{L, T)[o]. 

3) For i — —1,0; let i?j C denote the preimage of S[{^ (8) 0(?7t.; l)(i) under 

the linear isomorphism ^ (V^ + (5(i+i))/Q(i+i) = A{L,T)[ij. Then the 
following statements hold: 

Em0a^?mC-K) + Q(i); 

Q^Vo + g(A) + Q(i) and Vo C E^^gcE-^.j Q^^ + Q{iy, 

[y_i,y_i]cQ; 

[r + yo + g(A),y_i] ci/_i + g(i); 

[Q(i),V-i] cVo + Q^iy, 
[T + Q,Vo]GVo + Q^iy, 
[Vo, R-i] C + g(i) C [Vo, R-i] + Qiiy, 
[Vo, Ro] cRo + g(i) C [Vo, i?o] + Q{iy 
Vo + Q{i) 'is an ideal of Q; 

[Ro, y-i] c + g(i) c [i?o, T^-i] + 



Proof. The original proof goes through for p > 5. So we assume from now that 
p = 5. We choose V-i as in the original proof. Then assertions 1), 3a) and 
3d) hold. Let denote the set of all nonzero T-roots of A(L,T) [oj. For every 
11 e $|q] choose a nonzero e such that A{L, T)[o],^ = -Fm^, where stands 
for the coset of u^. If 11 is not Hamiltonian, set := u^. If is Hamiltonian, 
then ±3/i are T-weights of L/Q, so that T^-i,±3;i 7^ (0). Pick ^±3^ e ^-i,±3a(\{0}. 
As p = 5, we have [m3^,m^] G L_^. Then [m3^,M/,] = rw_/, + for some 
r e F and e Since radL(/x) C (5(i) and the image of I/(/x) fl in 
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L[ijl\ C H{2;1)^^^ contains if(2; 1)*^^^^^, it is easy to see that there is W/j, e Q{i),n 
such that 

[u3f„w^] = ru^f, (mod 
Put := - w^. Then [u^^, v^] e Now set 

V, := (//[o] ® F) ® 0^,^,^^ Fv,. 

By construction, we have n 1^ = (0) and (Vq + Q{i))/Q{i) = ^{L.,T)]^Qy As 
n = (0), this yields assertion 2). In view of the new Proposition 2.4(3a) 
our choice of Vq ensures that 

To prove assertions 3b), 3c), 3f), 3g) and 3j) one can argue as in the original 
proof. Assertion 3e) follows from the new Propostion 2.4(3d) and the displayed 
inclusion. Assertions 3h), 3i) and 3k) follows from the displayed inclusion and 
3e) by the same argument as in the original proof. □ 

Lemma 2.6 (new). Let u e La, f G (Vq + Q{A))j3 and v e La+/3 be such that 
u ^ Q and [/, u] — v E Q. Then [/, u] — v E (5(i) ■ 

Proof. Write u = Ua + u' with Ua G V-i and u' e Qa- Then [/, Ua] € V-i + (^(i) 
thanks to Proposition 2.5(3e), while Proposition 2.4(3b) yields u' e Q{i). As (^(i) 
is an ideal of Q and Vq + (5(A) C Q, we have [/, u'] e (5(i) ■ So it remains to show 
that [f,Ua] - V e Q(i). 

Iff ^ Q, then the coset of w spans Lo,_|_a/LQ,+^n(5(i), again by Proposition 2.4(3b). 
Hence the assertion holds in this case. Now suppose v E Q. If v e Q{i), 
we are done; so suppose for a contradiction that v ^ Q{i)- Then the new 
Proposition 2.4(3d) yields that a is Hamiltonian, p — 5, and P — 2a. On the 
other hand, it is immediate from Corollary 2.3(3) that 2$[_i] fl A = 0. This forces 
f eVq. But then 

G[\/_i,\/o]ngcg(i), 

by our choice of Vq- This completes the proof. □ 

With these substitutions, all arguments in [St 94] work. As a result, we obtain 

Theorem 6.4 (new). Let L be a finite- dimensional simple Lie algebra over F 
such that all tori of maximal dimension in Lp are standard. Let T be an optimal 
torus in Lp and suppose that Q{L,T) ^ L and -L[q;,/3]W = //(2; 1; $(t))W for 
some a,P E r{L,T). Then L is isomorphic to a Lie algebra of Cartan type. 

We summarize the results of this paper and of [P-St 04] as follows: 

Theorem 6.2. Let L be a finite- dimensional simple Lie algebra over an alge- 
braically closed field of characteristic p > 3. If all tori of maximal dimension in 
the the semisimple p-envelope Lp of L are standard, then L is isomorphic to a 
Lie algebra of classical or Cartan type. 
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Proof. If T) — L, then all roots in r(L, T) are either solvable or classical. So 
the assertion follows from [P-St 04, Theorems C and D] in this case. If Q{L, T) ^ 
L, the assertion follows from Theorem 6.1 and the new Theorem 6.4 . □ 

Remark 6.1. The argument in the last two paragraphs of [P-St 04, p. 792] can 
be streamlined as follows: When a is solvable with a{H) ^ 0, Proposition 3.8 of 
[P-St 04] yields that [La, L_a] consists of p-nilpotent elements of Lp. But then 
[La,L_a] C nilif C nil if, contrary to our choice of a. Therefore, [L^,L_^] C 
nil if whenever 7(ii"(^)) 7^ 0. 
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